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Let G be a finite group and p a set of primes. In this paper, some new criteria
for p-separable groups and p-solvable groups in terms of Hall subgroups are
proved. The main results are the following:
Theorem. G is a p-separable group if and only if
 .1 G satisfies E and E ;p p 9
 .2 G satisfies E and E for all p g p , q g p 9.p j q4 p 9j  p4
Theorem. G is a p-separable group if and only if
 .1 G satisfies E and E ;p p 9
 .2 G satisfies E for all p g p and q g p 9. Q 1997 Academic Pressp, q
INTRODUCTION
The notation and terminology used in this paper are standard. The
w xreader may refer to 8 . Throughout the paper G denotes a finite group. p
 .denotes a finite subset of the set of all primes. We let p G denote the set
of all primes which divide the order of G. We say that G satisfies E if Gp
 .has a Hall p-subgroup of G. We let Hall G denote the set of all Hallp
p-subgroups of G. We call G a p-separable group if G has a composition
series 1 s K F K F ??? F K F K s G, where each factor K rKn ny1 1 0 i iq1
 .0 F i F n y 1 is either a p-group or a p 9-group.
The relation between Hall subgroups and G has been studied quite
extensively. This study can be traced back to the Schur]Zassenhaus
Theorem which asserts that if G has a normal Hall p-subgroup, then G
satisfies E . P. Hall made a systematic study for solvable groups andp 9
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proved that G is solvable if and only if G satisfies E for all p . In fact,p
Hall proved a stronger result which states that G is solvable if and only if
 . w xG satisfies E for all p g p G 11 . Hall also conjectured: G is solvablep9
 . w xif and only if G satisfies E for all p, q g p G 11 . If G is ap, q
counterexample of minimal order to Hall's Conjecture, it is easy to see
that G must be a non-abelian simple group. In fact, Hall himself verified
 .that the alternating groups A n G 5 do not contradict the conjecture.n
Spitznagel, Jr. checked Hall's Conjecture for many, but not all, of the
w x w xChevalley groups 13 . Finally, Arad and Ward 4 proved Hall's Conjecture
by using the classification of finite simple groups. They also proved that if
w xG satisfies E and E , then G must be solvable 4 .2 9 39
Guralnick studied finite simple groups which satisfy E for some primep9
 . w xp g p G and showed that such groups are very restricted 9 . Arad and
w x w xFisman proved the same result in 3 . In 3, 7 , Arad and Fisman proved
that finite simple groups satisfying E and E are very restricted. Theyp p 9
w xalso generalized Hall's result 11 and proved that a finite group G is
k < <solvable if and only if G satisfies E , for some k such that 2 F k F G y 1,
k  4where E means that G has a Hall p , p , . . . , p -subgroup for all1 2 k
 4  .p , p , . . . , p : p G , where p , p , . . . , p are distinct. Arad and1 2 k 1 2 k
w xChillag 2 also proved the interesting result that a finite group having a
 4nilpotent Hall p-subgroup with 2 g p is p -solvable, where p s p R 2 .0 0
Most of the above work concerns the solvability of finite groups. As we
 .know, p-separable p-solvable groups are generalizations of solvable
groups. A natural question to ask is whether we can use Hall subgroups to
 .characterize p-separable p-solvable groups. For p-separable groups, the
following result is well known:
w xTHEOREM 8, Theorem 6.3.5 . Let G be a p-separable group. Then
 .1 G satisfies E and E ;p p 9
 .2 G satisfies E and E for all p g p and q g p 9;p j q4 p 9j  p4
 .3 G satisfies E for all p g p , q g p 9.p, q
 .What about the inverse of the above theorem? Namely, if G satisfies 1 ,
 .  .2 , and 3 is G p-separable? In this paper we positively answer this
question without using the classification of finite simple groups and give
some new characterization for p-separable groups and p-solvable groups
 .in terms of Hall subgroups. In fact, we prove a stronger result that 1, 2 or
 .  .1, 3 is sufficient for p-separability of a finite group G. In general, 2, 3 is
 .  4not sufficient since PSL 2, 7 with p s 3 provides a counterexample.
<  . <However, in the case where 2 f p and p l p G G 2, we prove that
 .2, 3 is also sufficient for p-separability of a finite group G.
In Section 1, we do not use the classification of finite simple groups. We
 .prove that 1, 2 implies that G is p-separable. We further obtain some
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related characterizations of p-separable, p-solvable, and p-solvable groups.
In Sections 2 and 3, we do use the classification of finite simple groups.
 .We prove that 1, 3 implies that G is p-separable. We further obtain some
related characterizations of p-separable, p-solvable, and p-solvable groups.
 .In Section 3, we prove that 2, 3 does imply that G is p-solvable when
<  . <2 f p and p l p G G 2. In the following, we use CFSG to refer to the
classification of finite simple groups.
1. NEW CHARACTERIZATION WITHOUT CFSG
In this section, without using CFSG, we give some new characterizations
for p-separable groups, p-solvable groups, and p-solvable groups.
THEOREM 1. G is a p-separable group if and only if
 .1 G satisfies E and E ;p p 9
 .2 G satisfies E and E for all p g p and q g p 9.p j q4 p 9j  p4
 . wProof. « follows immediately from Hall's Theorem, e.g. 8, Theorem
x6.3.5 . Let us prove the other direction.
 .¥ Suppose Theorem 1 is false and let G be a minimal counterexam-
 .ple. Without loss of generality we may assume p G s p j p 9. Namely
 .both p and p 9 are subsets of p G and p 9 is the complement of p in
 .p G . We divide the proof into several steps.
 .1 G is a non-abelian simple group.
Otherwise, there is a non-trivial proper normal subgroup K of G. Since
the assumption is inherited by normal subgroups and quotient groups of
G, K and GrK are both p-separable, and therefore G is p-separable. This
 .is a contradiction. Thus 1 holds.
 .  .Let A g Hall G , B g Hall G . It is easy to see that G s AB. Byp p 9
a b < < < <Burnside's p q Theorem, either p G 2 or p 9 G 2. Without loss of
< <generality, we assume p 9 G 2.
 .2 B is not a solvable group.
Assume otherwise. Let K be a minimal normal subgroup of B. Then
< < aK s q for some prime q and some positive integer a. By assumption,
 . < <there exists M g Hall G . p 9 G 2 implies M z G. By Sylow's Theo-p j q4
rem, K is contained in some conjugate of M, so that we may assume
w xK F M. By Hall's Theorem, e.g. 8, Lemma 6.4.2 , G s BM. Hence
 G:  BM :  M :  M :1 / K s K s K : M z G
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 G:implies that M contains a non-trivial proper normal subgroup K of G.
 .  .This is contrary to 1 , and thus 2 holds.
 .3 2 g p 9.
w xOtherwise, 2 g p . Then B is of odd order and solvable 6 . This
 .  .contradicts 2 . Thus 3 holds.
 . < <  44 p s 1. We let p s p .
< <  .  .Otherwise, p G 2. By the same arguments of 2 and 3 , we will get
 .  .2 g p . This contradicts 3 , hence 4 holds.
 4  .Let p 9 s 2 s q , q , . . . , q , r G 2, M g Hall G , 1 F i F r.1 2 r i p j q 4i
 .  .  .5 O M s O M s 1 for all 1 F i F r.p9 i q ii
 .  .Otherwise, assume O M / 1 for some i. By Sylow's Theorem O Mq i p9 ii
 .s O M is contained in some conjugate of B, so that we may assumeq ii
 . w xO M F B. By Hall's Theorem, e.g. 8, Lemma 6.4.2 , G s BM , andp9 i i
therefore
G M B Bi1 / O M s O M s O M : B z G .  .  . ;  ;  ;p9 i p9 i p9 i
 G:implies that B contains a non-trivial proper normal subgroup K of G.
 .  .This contradicts 1 , so that 5 holds.
 .6 Final contradiction.
 .Since M 2 F j F r is of odd order, M is p-constrained. On the otherj j
w xhand, by 1, Theorem 8.1.2 , G is also p-stable. By Sylow's Theorem,
 .without loss of generality, we may assume P s A F M 1 F j F r . Ac-j
w xcording to 8, Theorem 8.1.11 , we have
M s O M N Z J P , for all 2 F j F r . . . . .j p9 j M j
 .  .   ..By 5 O M s 1, hence Z J P e M for all 2 F j F r. Let X sp9 j j}
   ... < < aN Z J P . Then G : X s 2 , for some a. Let M s PQ for someG 1
 .Q g Syl G . Then G s XQ. Therefore2
1 / Z J P G s Z J P X Q s Z J P Q : M z G :  :  : .  .  . .  .  . 1
   ..G:implies that M contains a non-trivial proper normal subgroup Z J P1
 .  .of G. This contradicts 1 , so that 6 holds.
The proof of Theorem 1 is complete.
THEOREM 2. G is a p-sol¨ able group if and only if
 .1 G satisfies E and E ;p p 9
 .2 G satisfies E and E for all q g p 9 and s : p .p j q4 p 9j s
 .Proof. « Let G be a p-solvable group, and we prove that G
 .  .  .satisfies 1 and 2 . By Theorem 1, G satisfies 1 . G also satisfies E .p j q4
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Now all we need to do is to show that G satisfies E . For every s : p ,p 9j s
we show that G is p 9 j s-separable. Let K be any chief factor of G.
Since G is p-solvable, K is either a p 9-group or a p-group for some
p g p . If p g s , then K is p 9 j s-group. If p g p R s , then K is a
 4p 9 j s 9-group. Therefore G is p 9 j s-separable and G satisfies E .p 9j s
w xBy Hall's Theorem, e.g. 8, Theorem 6.3.5 , G satisfies E .p 9j s
 .¥ By Theorem 1, G is p-separable. Let K be any chief factor of G.
 .Then K is either a p 9-group or a p-group. If K is a p-group, by 2 , K
 . w xsatisfies E for all s : p K . By Hall's Theorem, e.g. 8, Theorem 6.4.5 ,s
K is a solvable group. This forces K to be a p-group for some p g p . This
means that G is p-solvable. Hence the proof of Theorem 2 is complete.
COROLLARY 1. G is a p-sol¨ able group if and only if
 .1 G satisfies E and E ;p p 9
 .2 G satisfies E and E for all p g p and q g p 9;p j q4 p 9j  p4
 .3 G has a Hall p-subgroup which is sol¨ able.
Proof. Corollary 1 follows easily from Theorem 1.
 4When p s p , we have the following simple conditions.
COROLLARY 2. G is a p-sol¨ able group if and only if
 .1 G satisfies E ;p9
 .  .2 G satisfies E for all q g p G .p, q
Proof. Corollary 2 is a special case of Theorem 2.
 . w xRemarks. 1 By Feit]Thompson's Odd Order Paper 6 , when 2 f p ,
 .Assumption 3 in Corollary 1 can be omitted.
 . w x2 By a result 5 which says that G is solvable if and only if G
 .satisfies E for all p, when p s 2, Assumption 1 in Corollary 2 can be2, p
omitted.
2. NEW CHARACTERIZATIONS WITH CFSG
In this section, we provide some new characterizations of p-separable
and p-solvable groups by using CFSG.
THEOREM 3. G is a p-separable group if and only if
 .1 G satisfies E and E ;p p 9
 .2 G satisfies E for all p g p and q g p 9.p, q
 . wProof. « follows immediately from Hall's Theorem, e.g. 8, Theo-
xrem 6.3.5 . Let us prove the other direction.
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 .¥ Suppose Theorem 3 is false and let G be a minimal counterexam-
ple. To make our proof symmetric in p and p 9, we assume for conve-
 .  .nience that p G s p j p 9, i.e., p 9 is the complement of p in p G . We
divide the proof into several steps.
 .1 G is a non-abelian simple group.
Otherwise, there is a non-trivial proper normal subgroup K of G. Since
the assumption is inherited by normal subgroups and quotient groups of
G, K and GrK are p-separable. Therefore G is p-separable, and this is a
 .contradiction. Thus 1 holds.
 .Without loss of generality, we assume 2 g p . We let A g Hall G ,p
 .B g Hall G . It is easy to see that G s AB.p 9
 . < < < <2 p G 2 and p 9 G 2.
This follows from Corollary 2.
 .3 G is isomorphic to one of the following simple groups:
 .I A with r G 5 a prime and A , A .r ry1
 .II M and either A is solvable or A , M .11 10
 .III M and either B is Frobenius of order 11 ? 23 or B is cyclic of23
order 23 and A , M .22
 .  .  4IV PSL 2, q where either q g 11, 29, 59 and A , A or 3 - q k5
 .1 4 and A is solvable.
 .  .  .V PSL r, q with r an odd prime such that r, q y 1 s 1 and
 . < <either G , PSL 5, 2 and B s 5 ? 31 or A is a maximal parabolic such
 .that PSL r y 1, q is involved in A. In particular B is either cyclic or
Frobenius.
w xThis follows from 3, Theorem 1.1 which classifies all finite non-abelian
simple groups which can be written as a product of two proper Hall
subgroups with relative prime orders.
 .4 A is not solvable.
Assume A is solvable. In this case both the Hall p-subgroup and the
 .Hall p 9-subgroup are solvable. Hence G satisfies E for all r, s g p G .r , s
w xBy Hall's Conjecture, proved by Arad and Ward 4 , G is solvable. This
 .  .contradicts 1 and shows 4 .
 .  .  .5 G is not in Case I and G is not in Case II .
 .  .This follows directly from 2 and 4 .
 .  .6 G is not in Case III .
 .Otherwise, by 2 , we have G , M and B is Frobenius of order 11 ? 23.23
 4Then, by assumption, M satisfies E . But, since the Hall 3, 23 -23 3, 23
 4subgroups of G are nilpotent, this contradicts the fact that 23 is a simple
w x  .prime graph component 14 . Thus 6 holds.
 .  .7 G is not in Case IV .
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 .  .  4Otherwise, by 4 , G , PSL 2, q where q g 11, 29, 59 and A , A .5
 4  .If q s 11, then we have p 9 s 11 . This contradicts 2 .
 4  .If q s 29, then we have p 9 s 7, 29 . This implies that PSL 2, 29
 4satisfies E . But, since the Hall 3, 29 -subgroups of G are nilpotent, this3, 29
 4 w xcontradicts the fact that 29 is a simple prime graph component 14 .
 4  .If q s 59, then we have p 9 s 29, 59 . This implies that PSL 2, 59
 4satisfies E . But, since the Hall 5, 59 -subgroups of G are nilpotent, this5, 59
 4 w xcontradicts the fact that 59 is a simple prime graph component 14 .
 .  .8 G is not in Case V .
 . < <  .Otherwise, assume first G , PSL 5, 2 and B s 5 ? 31. Then PSL 5, 2
 .satisfies E , and therefore GL 5, 2 satisfies E . But this contradicts3, 31 3, 31
w x13, Corollary 2.1.6 .
 .So we can assume G , PSL r, q with r an odd prime such that
 .  .r, q y 1 s 1 and A is a maximal parabolic such that PSL r y 1, q is
involved in A. If q ) 3, let X be a Borel subgroup of G such that X F A,
and X s PH, where P is a Sylow p-subgroup of G and H is a Cartan
subgroup of G in X. By assumption G satisfies E for all r g p 9, sop, r
there is some Sylow r-subgroup R of G such that PR is a subgroup of G.
w xBy 13, Theorem 5.3 , R F X. This implies r g p for all r g p 9 which
 .contradicts 2 . So we may assume q F 3. In this case q s 2 or 3.
 .  .Assume first q s 2, G , PSL r, 2 , r G 3 a prime. In this case PSL r, 2
 .  .s SL r, 2 s GL r, 2 . Let p g p 9 by assumption, G satisfies E . Refer-2, p
w x  . < <ence 13, Theorem 2.3.2 says that p s 3 also r F 5 . This implies p 9 s 1
 .which contradicts 2 .
 . <  .  . <So we may assume q s 3, G , PSL r, 3 . Since GL r, 3 : SL r, 3 s 2
<   . <  .and Z SL r, 3 s 1, we conclude that PSL r, 3 satisfies E if and onlys, t
 .if GL r, 3 satisfies E for all odd primes s and t. Since A is a maximals, t
 .parabolic subgroup of PSL r, 3 , 3 g p . Let p g p 9. By assumption, G
w xsatisfies E . Then 13, Theorem 2.3.2 says that p s 2 which contradicts3, p
 .  .2 . Thus 8 holds.
The above arguments show that the minimal counterexample does not
exist and the desired result follows.
 .  .THEOREM 4. Let p : p G with p / p G . Then G is a p-sol¨ able
group if and only if
 .1 G satisfies E and E ;p p 9
 .  .2 G satisfies E for all s : p and q g p 9 l p G .s j q4
Proof. We only need to prove the ``if'' part. By Theorem 3, G is
p-separable. Let K be any chief factor of G. Then K is either a p-group
or a p 9-group. To finish the proof, we only need to consider the case
where K is a p-group and prove that K is solvable. For each s : p , there
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 .  .exists some q g p 9 l p G . By 2 , G satisfies E . Hence K satisfiess j q4
E . So K has Hall s-subgroups for all s : p . It then follows from Hall'ss
w xTheorem, e.g. 8, Theorem 6.4.5 , that K is solvable. Therefore the proof is
complete.
COROLLARY 3. G is a p-sol¨ able group if and only if
 .1 G satisfies E and E ;p p 9
 .2 G satisfies E for all p g p and q g p 9;p, q
 .3 G has a Hall p-subgroup which is sol¨ able.
Proof. We only need to prove the ``if'' part. By Theorem 3, G is
p-solvable. Let K be any chief factor of G. Then K is either a p-group or
a p 9-group. To finish the proof, we only need to consider the case that K
is a p-group and prove that K is solvable. Let H be a solvable Hall
p-subgroup of G. Since K is isomorphic to some section of H, K is
solvable as we desired. The proof is complete.
w xRemark. By Feit]Thompson's Odd Order Paper 6 , when 2 f p ,
 .Assumption 3 in Corollary 3 can be omitted.
3. FURTHER DISCUSSION
 .  .From Sections 1 and 2, we know that either 1, 2 or 1, 3 of Hall's
w xTheorem, e.g. 8, Theorem 6.3.5 , implies the p-solvability of groups.
 .Therefore we might expect that 2, 3 also implies the p-solvability of
 .groups. Unfortunately, it is not so. PSL 2, 7 provides a counterexample
 4  .with p s 3 which satisfies E and E , but PSL 2, 7 is a finite3, 2 3, 7
non-abelian simple group. However, we can prove the following theorem:
<  . <THEOREM 5. Assume 2 f p and p l p G G 2. If G satisfies
 .  .  .1 E and E for all p g p l p G and q g p 9 l p G ;p j q4 p 9j  p4
 .2 E for all p g p and q g p 9p, q
then G is a p-sol¨ able group.
w xProof. By Feit]Thompson's Theorem 6 , we may assume 2 g p 9 l
 . <  . <  .  4p G . Assume first p 9 l p G s 1, i.e., p 9 l p G s 2 . In this case,
the two conditions of Theorem 5 reduce to G satisfying E for all2, p
 . w xp g p G . Then G must be solvable because of a result 5 which says that
 .G is solvable if and only if G satisfies E for all p g p G . Hence we2, P
<  . <  .have p 9 l p G G 2. Take a prime q / 2 in p 9 l p G . By condition
 .  41 , G has a Hall p j q -subgroup H. Since H is of odd order, H is
solvable. We conclude that H satisfies E and therefore G satisfies E .p p
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 4Let p s p R r for all r g p . Since G has a solvable Hall p-subgroup,r
we conclude that G satisfies E . By assumption, G also satisfies E X . Nextp pr r
let p g p , q g p X. If q g p , by the solvability of a Hall p-subgroup of G,r r
G satisfies E . If q f p , by assumption, G also satisfies E . In anyp, q p, q
case we conclude that G satisfies E . Therefore G satisfies the twop, q
conditions of Theorem 3 with p s p . It then follows from Theorem 3 thatr
G is p -separable for all r g p . This forces G to be p-solvable. The proofr
of Theorem 5 is complete.
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